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Abstract 

We study the Chow group of 0-cycles on the product of ehiptic 
curves over a p-adic field. For this abelian variety, it is decided that 
the structure of the image of the Albanese kernel by the cycle class 
map. 

1 Introduction 

Let X = ExE' he the product of elliptic curves E and E' defined over a finite 
extension K of the p-adic field Qp. The main objective of this note is to study 
the Chow group CHo(X) of 0-cycles on X modulo rational equivalence. Let 
Ao{X) be the kernel of the degree map CHo(X) — )■ Z and T{X) the kernel of 
the Albanese map Ao{X) — )■ X{K) so called the Albanese kernel for X. These 
maps are surjective, and we have CHo(A)/T(X) ~ 7j(BX{K). If we assume 
^"-torsion points and are i^-rational, Mattuck's theorem on 

X{K) implies CHo(X)/p" ~ ^^/pn-^®i2[K:Q^]+5) 0T(X)/p". Raskind-Spiefi 
[T6] showed the injectivity of the cycle map p : T{X)/p"' — )■ //^(X, Z/p"(2)) 
to the etale cohomology group of X with coefficients Z/p"'(2) 
when E and E' have ordinary or split multiplicative reduction. Although it 
is difficult to know the kernel of p in general (the injectivity fails for certain 
surfaces, see [15], Sect. 8), one can calculate the structure of its image. This 
is the main theorem of this note: 

Theorem (Thm. 13.41) . Let E and E' be elliptic curves over K with good 
or split multiplicative reduction, and and E'lp^] are K -rational. The 

structure of the image of T{X)/p"' for X = E x E' by the cycle map p is 



(i) Z/p" if both E and E' have ordinary or split multiplicative reduction. 

(ii) Z/p" © Z/p" if E and E' have different reduction types. 

The same computation works well in the remained case: Both of E and E' 
have supersingular reduction. The image may be varied according to the p-th 
coefficients of multiplication p formula of the formal completion of the elliptic 
curves along the origin (c/. Prop. 13.61) . For an arbitrary elliptic curves i?, E' 
over K and X = E x E' , the base change X' := X ®x K' to some sufficiently 
large extension field K' over K satisfies the assumptions in our main theorem 
above. Since the kernel of the multiplication by on CHo(X) is finite (due 
to CoUiot-Thelene, [3]), we have a surjection CHo(X')/p" ^ CHo(X)/p" 
with finite kernel if we admit Raskind and Spiefi's conjecture (tl6j, Conj. 
3.5.4); the finiteness of the kernel of the cycle map on X' {cf. [16], Cor. 
3.5.2). Therefore, we limit our consideration as in the above theorem. The 
estimation of the difference of the image of T(X)/p" and T(X')/p" by the 
cycle maps is also a problem. Murre and Ramakrishnan ([12], Thm. A) gave 
an answer to this problem in the case of n = 1 for the self-product X = E x E 
of an elliptic curve E over K with ordinary good reduction. In this case, they 
proved that the structure of the image is at most Z/p and is exactly Z/p if 
and only if the definition field K{E\p\) over K is unramified with the prime 
to p-part of [i^'(i?[p]) : A'] is < 2 and K has a p-th root of unity (p. 

The results in our main theorem are known by Takemoto [20j in the case 
of ordinary reduction or split multiplicative reduction. So our main interest 
is in supersingular elliptic curves. In Section 2 we study the image of the 
Kummer homomorphism associated with isogeny of formal groups. The main 
ingredient is the structure of the graded quotients of a filtration on the formal 
groups (Prop. 12. 8p . As a special case, we obtain the structure of the graded 
quotients associated with filtration on the multiplicative group modulo p". 
In Appendix, we show that the results work also on the Milnor i^'-groups 
more generally. The proof of the main theorem is given in Section 3. 

For a discrete valuation field K, we denote by Ok the valuation ring of 
K, mK the maximal ideal of Ok, k := Ok/vc\-k the residue field of Ok, vk 
the normalized valuation of Ok, O^ the group of units in Ok, K a fixed 
separable closure of K and Gk '■= Gal{K / K) the absolute Galois group of 
K. For an abelian group A and a non-zero integer m, let A[m] be the kernel 
and A/m the cokernel of the map m : A A defined by multiplication by 
m. 
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2 Formal Groups 

Let K he a complete discrete valuation field of characteristic 0, and k its 
perfect residue field of characteristic p > 0. In this section, we decide the im- 
age of the Kummer map associated with an isogeny of formal groups (Thm. 
12. lip . First we recall some basic notions on formal groups from [6|. Through- 
out this section, all formal groups are commutative of dimension one. Let 
F be a formal group over the valuation ring Ok- The elements of the max- 
imal ideal mj^ of Oj^ form a Gi^f-module denoted by F(K) under the op- 
eration X + y := F{x,y). Similarly, for a finite extension L/K, the maxi- 
mal ideal xxil forms a subgroup of F{K) denoted by F{L). For an isogeny 
: F — )■ G of formal groups defined over Ok, we regard it as a power series 
0(T) = aiT + a2T^ + - ■■ + apTP + -- ■ G OkIT]. The coefficient of T in 0(T) is 
denoted by -D(0) := Oi. The height of is defined to be a positive integer n 
such that 0(T) = ip{TP") mod m^^ for some ip G Cx[T] with vk{D{iP)) =_Q 
(c/. [9], 2.1). It is known that the induced homomorphism F[K) — )■ G{K) 
from the isogeny : F — )■ G is surjective and the kernel of (= the kernel of 
the homomorphism F{K) G{K) induced by 0) is a finite group of order 
p", where n is the height of 0. For any integer m > 1, F"^{K) is the subgroup 
of F{K) consisting of the set m^. Fix a uniformizer vr of K. For any m > 1, 
we have an isomorphism 

(1) p: k ^ gr'^iF) := F'^{K)/F'^+\K) 

defined by x i— ?■ xtt™, where x G O^ is a lift ofx G A;\{0}. Recall the 
behavior of the operation on the graded quotients of raising to an isogeny 
: F — )■ G with height 1. 

Lemma 2.1 ([1]; [9], Lem. 2.1.2). Let (f){T) := aiT + a2T^ + - ■ ■ be an isogeny 
F ^ G of formal groups defined over Ok with height 1. 

(i) The coefficient ap is a unit in Ok- 

(ii) Form such thatp\m, we have ai | ctm- 

The following lemma is proved essentially as same as the case F = 
the multiplicative group (e.g., Chap. I, Sect. 5). 
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Lemma 2.2. Let (piT) := aiT + a2T^ + ■ ■ • be an isogeny F ^ G of formal 
groups defined over Ok with height 1. Define t := vxidi) and let a he the 
residue class 0/ ai7r~* and m > 1 an integer. Then, we have (j)[F"^{K)) C 
G^'PiK) for m < t/{p - 1) and (t){F'^{K)) C G^+\K) for m > t/{p - 1). 
The isogeny (p induces the following: 
(i) If m <t/{j) — 1), the diagram 



gr'"(F) 



-gr 



mp 



■k 



is commutative, where Hp & k is the residue class of ap G and : 
k k is "the inverse Cartier operator"^ defined hy x ^ x'^ . The horizontal 
homomorphisms are bijective. 
(ii) If m = t/{p — 1) is in Z, the diagram 



gr 



k- 



a+apC ^ 



•gr*+*/(P-i)(G) 



-^k 

is commutative, where the bottom map defined by x ^-^ ax + OpX^. 
(iii) If m > t/{p — 1), the diagram 



gr"(F) 
p 

k — 



•gr'"+*(G) 
p 



is commutative, where the bottom map defined by x t— )■ ax. The horizontal 
homomorphisms are bijective. Furthermore, we have G"^~^^{K) C (f)F"^{K). 

Proof. Take any mtt™ e F"^{K) with u G O^. From Lemma l2.ll we have 
VK{4>{un"^)) > min{t + m,pm} (the equahty holds if m 7^ t/(p — 1)). More- 
over, we have 

'apuPn"'P mod n"'P+\ if m< t/{p - 1), 

IMTT-) = (aw + apMP)7r*+*/(P-i) mod tx^+^I^p-^)+^ ^ if m = t/{p - 1), 



rn+t 



mod vr 



m+i+l 



if m > — 1). 



^ For the original definition of tire inverse Cartier operator, see (fTT|) in Appendix. 
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The assertions except the last one follow from it. Using the completeness of 
K, we obtain G""+*(ir) C + C + C 

■ ■ ■ C if m > 1). □ 

Corollary 2.3. Let cf) : F ^ G he an isogeny of formal groups defined 
over Ok with height 1. Assume := Ker((/)) C F{K). For any non- 
zero element x G F[(f)], we have vk{x) = t/{p — 1) G Z. The kernel of 
(j) : gr*/(P-i)(F) gr*+*/(P-i)(G) is of order p. 

Proof. For any non-zero x G we have (t){x) = aiX + 02^^ + ■ ■ ■ = 0. 

Hence t + fii'(x) = vk{clix) = vxicLpX^) = PVk{x) and vk{x) = t/{p ~ 1). 
The kernel of x ax + OpX^ is *'"\/— a/opFp. □ 

The filtration G""(0) on ^(0) := G{K)/4>F{K) is defined by the image 
of the filtration G"^{K). For an isogeny (p : F ^ G with height 1, its graded 
quotients gr''"(0) := G'™'(0)/G""^^(0) describe the cokernels of in Lemma 
12.21 as follows: 

Lemma 2.4. Lei (p : F G be an isogeny over Ok with height 1 and 
t:=VK{D{(P)). 

(i) If m < t + t/ {p — 1), i/ie following sequence 

^ gr™/P(F) A gr"^(G) gr™(0) ^ 

is exact, where gr^(F) =0 if x ^ Z by convention. 

(ii) If m = t + t/{p — 1) is in Z, i/ien 

gr</(P-i)(ir) ^ gr*+*/(P-i)(G) ^ gr*+*/(P-i)(0) ^ 

zs exact. 

(iii) Ifm>t + t/{p - 1), i/ien 

^ gr"'-*(F) A gr'"(G') ^ gr™(0) ^ 

zs exact. 

Proof. Note that we have gr'"(0) ~ G""(ir)/(0F(fs:) n G'^iK) + G""+i(fs:)). 
Consider the case (i), (ii). For any 0(x) G G"^{K) with x G F{K), we have 
an inequality fx(0(a;)) > min{t + r,pr}, where r = vk{x) (the equality 
holds if r ^ t/{p — 1)) by Lemma [2.11 To show the injectivity of gr™'(G) — )■ 
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gr™(0) if pfm, it is enough to show (j)F{K) f] C^i^K) C C^+^i^K). For any 
G G"^{K) n (j)F{K), assume m = Vk{4>{x)). By Lemma [2.11 as above, 
m = pr if t/{p — 1) > r. Otherwise, m = pt/{p — 1). This contradicts to 
p \ m. Thus vk{4>{x)) > m and we obtain (j){x) G G""^"'^(i^'). In the case 
of p I m. Take any G G'^{K) fl (j)F{K) with m = From the 

above (in)equahty, we have vk{x) = m/p. The rest of the assertions follows 
from it. Next we consider the case (iii). For any (j){x) G G^{K) fl (f)F{K) 
with m = vk{4>{x)). If t/{p — 1) > r then m = pr < pt/{p — 1) and this 
contradicts to m > pt/{p — 1). Otherwise m > t + r. Hence r < m — t and 
thus X G F'^-\K). □ 

Recall that a perfect field is said to be quasi-finite if its absolute Galois 



group is isomorphic to Z (c/. [I7], Chap. XIII, Sect. 2). 



Corollary 2.5 (c/. [Ij, Lem. 1.1.2; [9j, Lem. 2.1.3). Let (j){T) := aiT+a2T'^ + 
■ ■ ■ he an isogeny F ^ G of formal groups defined over Ok with height 1. 
Assume C F{K). Define t := vk{cli) and let m > 1 be an integer. 
(i) If m < t + t/ {p — 1), we have 



(ii) If m = t + t/(p — 1) , we have gi*^^^^P^^\(l)) ^ k/ {a + apG^^)k, where a 
is the residue class o/aivr^*. If we further assume that k is separably closed, 
then gr*+*/(*'~^)(0) = 0. If k is quasi-finite, then gi^+^/^P^^^ ((p) ~ Z/pZ. 

(iii) If m > t + t/{p — 1), we have G"^{(f)) = 0. In particular, gr™'((/)) = 0. 

Proof. The proof below is cited from [9] . The assertions follow from Lemmas 
12.21 and 12.41 If k is quasi-finite, then the homomorphism : gr*/(P~^)(F) — )■ 
gj.t+t/(p-i)((7) is extended to (p : k ^ k. Since H^{k,k) = 1 and Ker(0) ~ 
Z/pZ as Gfc-modules, we have k/(j){k) ~ Ker(0)) ~ Z/pZ. □ 

Let : F — 7- G be an isogeny with finite height n > 1 and assume F[0] 
is cyclic and C F[K). Let xq G F{K) be the generator of the cyclic 
group F[(j)]. The subgroup C generated by [p\xq has order 

where [p] is the multiplication by p map on F. From the theorem of Lubin 
([6], Chap. IV, Thm. 4), there exists a formal group Gi := F/pF[(f)\ defined 
over Ok and the isogeny factors as = 01 o ■?/;, where if) : F Gi is an 
isogeny over Ok such that F[%p\ = pF[(j)] (thus is an isogeny with height 
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n — 1 and 0i has height 1). Note that the kernel G'i[0i] is generated by '?/'(xo). 
From the following lemma, the structure of gr™'(0) is obtained from that in 
the case of height 1 (Cor. I2.5p . 

Lemma 2.6. Put ti := VK{D{(j)i)). 

(i) If m < ti + ti/{p — 1), the sequence 

^ gi'^'^i'ip) ^ gr"^(0) ^ gr™(0i) ^ 

is exact, where gr^ (■?/') = if x ^ 7j by convention. 

(ii) If m = ti + ti/{p — 1) , the sequence 

grti/(p-i)(^) ^ gr*i+*i/(P-i)(0) ^ gr*i+*^/(P^^) gr(0i) ^ 

zs exact. 

(iii) If m > ti + ti/ (p — 1), i/ien i/ie sequence 

^ gr"^-*i(V;) ^ gr'™(0) ^ gr"^(0i) -> 
zs exact. In particular, we have an isomorphism gr™~*^ (■?/;) ~ gr™(0). 
Proof, (i) and (ii); m < ti + ti/{p — 1). In the commutative diagram 

gr^/p(Gi) — gr™(G) gr™(0i) 

III 

gT"'/P{i)) gr"^(0) ^ gr™(0i) ^ 

the top horizontal row is exact by Lemma 12.41 and the vertical arrows are 
surjective. We show the injectivity of 0i : gr"^^P{ip) — )■ gr™(0) when m < 
ti + ii/iP ~ 1) S'lid m \ p. In this case, the map 0i : gr™/^(G'i) — )■ gr™(G) in 
([2]) is injective. Thus, it is enough to show the surjectivity of 0i : G^^^{K) n 
tljF{K)/G'^^^^\K)n'iljF{K) ^ G'^{K)n(l)F{K)/G"'+\K)n(t)F{K). For any 
(f){x) = 01 o V'(a;) in G'^iK) n 0F(ir)/G""+i(is:), there exists y G G'^'^^K) 
such that 01 (y) = 0(x) by Lemma 12.41 Hence, we obtain y = ipi^x) e 
G'^^''{K) nipF{K)/G'^^^^\K) nipFiK). The assertion in (iii) follows from 
the similar argument as above. □ 
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Inductively, one can find isogenics (pi : Gi ^ Gi^i with height 1 such that 
= 01 o ■ ■ ■ o 0„ and Gi = F/p^F[(j)], where p*F[0] is the subgroup of F[0] 
generated by [p^jxo (we denoted by F = G„ and G = Go hj convention). 
Define ti := VK{D{(l)i)) and put to := 0. 

Lemma 2.7. For 1 < i < n, we have ti < tj+i and | tj. The equality 
ti = ^i+i does not hold if the height of F > 1 . 

Proof. By induction on n, it is enough to show the case n = 2; = 0i o 02 
has height 2. Recall [p]xo G -F[02] and 02(a;o) G Gi[0i]. From Lemma |2TT| 
we obtain ti/ {p — 1) = VK{(p2{xo)) and 

(3) t2/{p - 1) = fii-([p]a;o) = vxih o 02(a;o)) > ^^x(02(a;o))- 

Hence t2 > ti and VK{(p2{xo)) = pvk{xq). From the inequality ([3]), if the 
height of F > 1, then we have ti < tj+i. □ 

Proposition 2.8. Let = 0io---o0„:F— j-G and ti be as above. Put 
q(0) := to + tl + ■ • ■ + + ti/{p -1) forO<i<n. 

(i) If Ci{(f)) < m < Cj+i(0) /or some < i < n, t/ien we have 

gr™(0) ~ gr™-(*^+*^+-+*»)(0,+i o . . . o 0,) ^ 

(ii) If m = Ci+i(0), /or some < i < n, we have 

gr=.+iW(0) ^ grP*>+i/(p-i)(0._^., o . . . o 0„) ~ A;/(a + apG'^)k, 

where ttp is the coefficient of in 0j+i G (9i<-|T] and a is the residue 
class o/ D(0j+i)7r~*'+^ . If we further assume that k is separably closed, then 
gj-ci+i(0)^i^^ =0. If k is quasi-finite, then gr'^'+i'^''^)(0) ~ Z/pZ. 

(iii) If m > Cn{(f)) then we have G'^{(j)) = 0. In particular gr™(0) = 0. 

Proof. From Lemma [2 .St we may assume n > 1. Put "0 = 02 o ■ ■ ■ o 0„. First 
we consider the case < m < ci(0) in (i). In the exact sequence (Lem. 12.61 
(i)) 

^ gr"^/P(^) ^ gr"^(0) ^ gr'"(0i) ^ 0, 

the isogeny 0i has height 1 and ip has height n — 1. Thus we obtain the 
structure of gr'"(0) for m < Ci(0) by induction on n and Lemma [2.51 (i). If 

m = ci(0), 

grti/(p-i)(^) _^ gr*i+*i/(P-i)(0) ^ gr*i+*i/(P-^)(0i) 
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m. 



by Lemma [2.61 (ii). From Lemma [2. 7^ we have ^ | ti- By (i) and the case 
m < ci(0), gr*i+*i/(P-i)(^) = and thus gr*i+*i/(p-i)(0) ~ gr*i+*i/(P-i)(0i). 
The assertion follows from Lemma [2.51 (ii). Consider the case m > ci{(f)) in 
(i) and (ii). By Lemma [2.61 (iii). gr*""*^ (■?/;) ~ gr'"(0). From the induction on 
n, the assertions are reduced to the case m < ci(0). □ 

Let L/K he a finite Galois extension with Galois group H = Ga\{L/K). 
Recall that we call x is a jump for the ramification filtration {Hj)j>_i in the 
lower numbering (resp. {H^)j>^i in the upper numbering) of H if 7^ H^+e 
(resp. 7^ H^^'^) for all e > (for definition of the ramification subgroups, 
see [m, Chap. IV). 

Proposition 2.9. For y G ^"^(0) \ G""+^(0), teA;e x G F(^) wi/i 0(x) = y 
in G{(f)). If 1 < m < ci(0) and p \ m, then the definition field L = K{x) 
of X over K is totally ramified Galois extension of degree p^. The jumps of 
H := Gal(L/i^') in the upper numbering are Ci(0) — m, . . . , c„(0) — m. In 
particular, ^ 1. 

Proof. For n = 1; namely = 0i has height 1, the assertion follows from 
[9], Lemma 2.1.5. For > 1, for the isogeny (p = ip o (pi (^ip = (p2 o ■ ■ ■ o 0„), 
we have y' G G'i(-ft') such that ip{^) = v' ^"^^ 0i(l/') = V- The isogeny 
(pi has height 1, the extension K' := K{y')/K is totally ramified extension 
of degree p. The jump is pti/{p — 1) — m. Since m < ci(0) and p f m, 
^/^'(Z/) = P'>^K{y) = VK{(pi{y')) = pvK'{y')- Hence VK'{y') = vxiy) = m. By 
induction on n, the extension L/K' is totally ramified extension of degree 
The jumps of Gal(L/i^') in the lower numbering are p^t2/{p — 1) — 
m^p^ty,/ (p — 1) — m, . . . ^iP^tnl (p — 1) —vti. Since the ramification subgroups in 
the lower numbering commutes with subgroups and in the upper numbering 
commutes with quotients (|17], Chap. IV), the jumps of the ramification 
subgroups of H in the lower numbering are p^tij {p — 1) — m for 1 < i < n. 
The ramification subgroups of H in the upper numbering is defined by 
the Herbrand function of H as Hj = W-^^^^ For the positive integer m, we 
have V2(m) + 1 = X;ilo#(-^i/-^o)- ^hns (p{p%/ {p-l) -m) = Ci{(p) -m. □ 

The isogeny [p"] : — ?• defined by multiplication by on the 
multiplicative group Gm has the kernel Gm [p^] = IJ^jf^ which is cyclic of order 
p". If contains a p^-th root of unity Cp™, Gm,[p"] C Gm(-ft'). Note also the 
filtration G4([p"]) of G™([p"]) = G„(Js:)/[p"]G™(/s:) C i^Vp" associated 
with [p"] is the image of the higher unit groups f/^ = 1 + m]^ in /p"^ 
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which is also dented by U^, namely, G4([p"]) = [/i := f/^/((ir^)P" n f/|^). 
Put f/° := /p^ and let gi{'p"') be the graded group (= gr/ci_„ in terms of 
the appendix) associated with the filtration {U^)m>o] 



(4) gr(p") := gr-(p"), gr-(p") := t/r/t/^ ' 

m>0 



The isogeny [p"] factors as [p"] = [p] o • ■ ■ o [p] (n times). In particular, 
Ci ■= Ci{[p'^]) = ie + Co, where e := Vk{p) and cq := e/ (p — 1). Let (p : F ^ G 
be an isogeny with height as in Proposition 12.81 Fix an isomorphism 
F[(j)] ~ fipn = G^Ip"-]. The isogeny induces the Kummer homomorphism 
6 : ^(0) ^ H\K,F[(f)]) = K^'/p". We compare the fihration G"(0) and 
the filtration G^([p"]) = on K'^ /p^ . In the case of height 1 we have the 
following theorem: 

Theorem 2.10 ([9J, Thm. 2.1.6). Let (p : F ^ G be an isogeny defined over 
Ok of height 1, and t := vk{F>{(I))). Assume that F[(f)] C F{K) and (p G K. 
Then, the Kummer map 6 induces a bijection 6 : G'^{(j)) — ^ jjp^^o-vt/ip 
for any m > 1. 

We extend the above theorem to the case of height > 1 assuming e 
K. Let = 0io---o0„:F— T-G and tj be as in Proposition 12.81 Put 
q(0) := tQ + ti + --- + ti + ti/{p-l) for < i < n. First we show 5(G'™(0)) C 

biggest integer such that 5(G'™(0)) C U^. Because of p f m, 5 induces a 
non-zero homomorphism gr™(0) — )■ gr-' (p"'). From Lemma [2.61 (i), we have 
the following commutative diagram: 



j;r"^(0) — *- gr" 



s 



5 

gr-^(p") ^ gi'-'(p) 

where the top horizontal homomorphism is an isomorphism. Since the left S 
is non-zero. Theorem 12.101 implies j = pcQ —pti/{p — 1) + m. In particular we 
obtain S{G{(j))) C Un'^^'^ p^t-fip Next, we show that 6 induces a bijection 
gr''"(0) ^> gj-Ci-Ci{(p)+-m^pn-^ graded groups by induction on z, where 

Ci = ie+CQ. From Proposition [23] and the above observation, (although we do 
not discuss on m withp | m) the map 5 induces gr'"((/)) ~ gTP'^o-pti/{p-i)+m(^pn^ 
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for any m < Ci(0). For m = Ci(0), let j be the biggest integer such that 
§(^Qii+'ti/ip-'^)(^(P^^ C Ul as above. From Lemma I^TBl (b). we have 

gj.ti+ii/(p-l) (^0) ^ ^ g^ti+ti/(p-l) (^0^^ 

S 5 

Thus j = e + Co = e + Co — pti/{p — 1) + m. We obtain 

(5) gr"'(0) ^ gj.e+eo-pti/{p-l)+mf^pn-^ 

for m < ci(0). For Cj(0) < m < Cj+i(0) with z > 1, let j be the biggest 
integer such that 6{G"^{(f))) C Ui again. From the induction hypothesis, 
j > Ci = ie + cq. By Proposition 12.81 we have the commutative diagram: 

o0„) ^gr-(0) 

s 

= ^ gr-' (p" ) 

Hence m — (ti + 12 + ■ — h tj) < pti+i/ (p—l). By the argument above ([5]) we 
obtain j = Cj+i — Cj+i(0) +m. From Proposition 12. 8 [ we obtain the following 
theorem: 

Theorem 2.11. The image of the Kummer map 5 : G{(f)) — )■ K^/p"^ is 
contained in Un~'^^^'^^^^ andS induces a bijectiongr'^{(j)) grCi-Ci(0)+m^pn'j^ 
form with Ci_i(0) <m< Ci{(p). 



gr'"-(*i+*2+-+*«)(0.^^ o ■ ■ ■ 

5 

gj.J IC/pTl l\ 



3 Cycle map 

Let i^' be a finite extension field over Qp. Let X = E x E' he the product of 
two elliptic curves E and E' over K with E[p"'] and are i^'-rational. The 

goal of this section is to calculate the image of the Albanese kernel T{X) := 
Ker(Ao(X) ^ X{K)) by the cycle map p : A^iX) H\X, Z/p"(2)). From 
the argument below which is essentially same as in the proof of Theorem 4.3 
in [22], the study of the image of T(X)/p" boils down to the calculation of 
the image of the Kummer map 6 : E{K) — > H^{K, Elp"^]) and the Hilbert 
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symbol: The image of T{X) is contained in H^{K, Elp""] ® E'lp"^]) a direct 
summand of the etale cohomology group H'^{X, Z/p"'(2)). The Albanese ker- 
nel T{X) is isomorphic to the Somekawa K-group K{K] E, E') defined by 
some quotient of E{K') (g) E'{K'), where K' runs through all finite 

extensions of K (for definition, see [19], [16]). Thus there is a natural sur- 
jection ®k'/k ^{K') ® E\K') T(X)/j9". The cycle map also induces the 
following commutative diagram (c/. Proof of Prop. 2.4 in [22J): 

E{K') ® E'{K') ^ H\K', ^K]) ® H\K', 

K'/K K'/K 

QHHK',E\p']r^EV]) 

K'/K 

T{X)/p-^ ^ H'^{K, ® ^'b"]) 

where 5 (resp. 5') is the Kummer map 5 : E{K') — )■ H^{K' , Elp"^]) (resp. 
S : E'{K') — )• H^{K', E'Ip"'])), U is the cup product and N is the norm map. 
From the calculation below, the image of the cup product does not depend 
on a extension K'/K. So we consider the case K' = K only. If we fix 
isomorphisms i?[p"] ~ and E'Ip^] ~ the cup product 

is characterized by the Hilbert symbol ( , )„ : K^ x K^ — as follows 
(c/. [H], Chap. XIV, Prop. 5): 

H^{K, ® H\K, ^'[p"]) H'^{K, (g) E'Ip""]) 

{K-fp-f ® iK-/p-f' '--^ 

Recall that the Hilbert symbol is defined by {a,b)n := pK{0'){^Vb)/ {^Vb), 
for a, 6 G K^ , where px '■ K^ — )■ is the reciprocity map. Recall that the 
filtration f/^ on K^ /p"- is defined by the image of Uj^ in K^ /p^ for j > 1 
and f/° := K^ jp^ . Their orders of the by the Hilbert symbol 

are calculated as follows: 

Lemma 3.1 ([20], Prop. 2.8). Put Ci := ie + Cq for 1 < i < n, Cq := and 

Cn+l -.= 00. 

(i) #(f/^, irVP")n = P"-' for Ci<S< Q+i. 
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(ii) Ifp]s, then #(f/^, = p""^ for d < s + t < q+i. 

(iii) If s,t > 0, p \ s and p \ t, then #(f/^, t/*)n = for Ci < s + t < Cj+i. 

A proof of Lemma 13.11 is founded in |20] . It is proved by direct computa- 
tion of the Herbrand function of the Kummer extension K{ ^\/b) over K for 
some h G . We present another proof using the study in the last section. 



Proof of Lemma \3. 1\ (i) From Proposition 12.81 (or Thm. IA.2p . s > c„ if and 



only if = 1. Since the symbol ( , )„ is non-degenerate, the condition 
s > c„ is equivalent to {U^, /p"')n = 1 for any n. It is known that 
(a, 6)^ = (a, for a,b E {of. [5J, Chap. IV, (5.1)). Because of s > ci, 
the multiplication by p map induces U^Zl — (Lem. 12.61 (c) or Lem. lA.ll) . 



By induction on n and ([/^, /p"')n C /Xpn-» if and only if s > q for any 
n and 1 < i < n. 

(ii) As in the proof of (i), it is enough to show that, for any n, (f/^, U^)n = 1 
if and only if s + t > c„. For a, 6 G Ok, we have 

(1 + avr^ 1 + 67r*)„ = (1 + a7r"(l + fevr*), -a7r")„(l + ab7i'+\ 1 + bn\^ 

(6) r7/)7r^+* 

= (1 + ^x-^, -«vr^)n^(l + «&vr^^', 1 + bnTn'. 

Thus {U^,U'Jn C (f/^+*,fs:Vj9")„ (c/. [2|, Lem. 4.1). If we assume s + t> 
Cn, then {U^,Ul^)n C {U^~^\ /p'^)n = 1 by (i). Conversely, we show 
{U^, U^)n 7^ 1 for s + t < c„. We may assume s > t and s + t = c„ and 
hence p f t. For n = 1,2, Proposition 12.91 says Ga\{K{ ^Vb)/Ky 1. Since 
the reciprocity homomorphism px '■ — )■ Gal(ii'( ^\/b)/ K) maps the higher 
unit group f/^- onto the ramification subgroup Ga\{K{'7h)/Ky (tlTj, Chap. 
XV, Cor. 3), we obtain {U^, U^)n 7^ 1- For n > 2, we have s > Ci. Therefore, 
(^n-i)^ = (Lem. [221(c) or Lem. lA.ip . By induction on n > 2, there exist 
a G f/^Ii and b G U^_i such that (a, &)n-i 7^ 1- The assertion follows from 
(a^6)„ = (a,% = (a,6)„_l7^1. 

(iii) As in the proof of (ii), it is enough to show that (f/^, U^)n = 1 if and only 
if s+t > Cn- If s+t < Cn, then {U^, U^n C (t/^+S f/*)n 7^ 1 from (ii). Suppose 
s + t > Cn- By f/° = Ul^ and (ii) we may assume s,t < 1 and s + t = c„. 
From (ED, for 1 + ott' G f//^, 1 + ^tt* G f/^, we have (1 + a7^^ 1 + 671*)-^ = 
(1 + a67r*+*/(l + ctTT*), — a7r*)„(l + ab-n^^'^, 1 + bTX^)n- From (ii) and p | s, we 
obtain (1 + aTr"*, 1 + b'K^)n = 1. □ 
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From the above lemma, the Hilbert symbol induces a homomorphism 
of graded groups: Let M° := /i^n and := /ipn-i for m > such that 
Ci < m < Ci+i. This filtration (M'^)m>o makes fipn a filtered group. The 
associated graded group gr{fipn) is defined by gr(/ipn) := 0m>o gr'"(/Xp"), 
where gr'"(/ipn) := /M^^^. On the other hand, let gr(p") be the graded 
group associated with the filtration {U'n)m>o defined in (jl]). If s,t > 0, 
p I s and p I t, the Hilbert symbol gives {U^,U^)n = M^"^*+^. Otherwise 
{U^,U^)n = M"*"^* (Lem. 13.11) . We modify the structure of the graded ten- 
sor product gr(p") ® gr(p") of the grade groups as follows: gr(p" ® p") : = 



0m>o gr'^d?" ® p"), where 

gr™(p"®p"):= gr'^(p")®gr*(p")© gr^(p") ® gr*(p"). 



The symbol ( , : /p^ ® jp^ — )■ /i^n induces gr( , : gr(p" ® 
p"") — )■ gr(/ipn). For any subgroups U and U' of /p"-, the induced graded 
subgroups gr([/) C gr(p") and gr([/') C gr(p") give the graded subgroup 
gr(f/ (8> f/) C gr(p" ® p"). The order of the image {U,U)n coincides with that 
of the image of gr(?7 U) by gr( , )„. Since the graded quotient gr™'(/ipn) is 
isomorphic to Z/p if m = q for i and gr'^(/ipn) = otherwise, this order is 



(7) ^(U,U')n=p'', a := #{z I gr""([/®f/') ^ 1 for <i < n}. 



Next, we study the image of the map 6 : E{K) — t- H^{K, E[p^]) = 
/p"-' (B /p"^. When E has split multiplicative reduction, the uniformiza- 
tion theorem gives /q^ ~ E{K) for some q & K. 

Theorem 3.2 ([22], Lem. 4.5). Let E and F be elliptic curves over K which 
have split multiplicative reduction. Let cf) : E ^ F he an isogeny over K of 
degree p'^ with cyclic kernel Assume that the kernel E[(j)\ of (p and the 

kernel of the dual isogeny cj) : F ^ E are K-rational. Then, the image 
of the Kummer map 5^ : E{K) — )■ H^{K, E[(f)]) = K'^ /p^ is 



We choose an isomorphism E\p'^] ~ /Xpn © /ipn which maps E[p^] D 
^m[p"] = A^p" onto the second factor of yUpn © /ipn. From the above theo- 
rem, we have 



m=s+t, 
p\s or pft 



m=s+t+l, 
p|s andp|t 
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Im(5) = /sTVp"© 1 
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when E has spht multiphcative reduction. 

We assume that E has ordinary good reduction. Let £ be the Neron model 
of E over Ok, E the neutral component of the special fiber of S, and vr : 
E{K) = £{Ok) E{k) the specialization map. The group E{K) = £{Ok) 
has a filtration E\K) (z > 0) defined by E%K) := ^(C/r), E\K) := Ker(7r) 
and for i > 1, E'{K) := {{x, y) E E{K) \ vk{x) < -2i}U{0}, where O is the 
origin on E. This filtration coincides with E^{K) of the formal group E{K) 
defined in the previous section. Choose an isomorphism ~ 
which maps onto the first factor of Let Xo be a generator 

of i?[p"] and $ be the subgroup of E[p"'] generated by xq. If xq G E^[p^], the 
isogeny (p : E F := E/^ has the cyclic kernel E[(j)] = E^lp"-]. Since E^[K) 
is isomorphic to the formal group E{K) and the height of E (= the height 
of [p]) is 1, the isogeny cf) : E ^ F induces [p"] : E ^ E c:^ F. The first 
factor of the image of 6 : -E(-ft') H^{K, -^[p"]) = K'^ / ® K'^ / coincides 
with the image of the Kummer map 5^ : E{K) — t- H^{K, E\p"']) = K^/p^. 
By Theorem I2.1H the image is U^. On the other hand, if Xq ^ E^[p'^], 
the isogeny (p : E ^ F := E/^ has the kernel E[(j)] ^ Hence, 
the image of 6^ : E{K) H\K,E[(j)]) is contained in H^^Ik, E[(j)]) := 
Ker(Res : H\K,E[(f)]) H\K''\ E[(p])), where iT"'' is the completion of 
the maximal unramified extension of K and Res is the restriction map. The 
image of 6 is contained in © Hlj.{K , fipu) . Mattuck's theorem [11] says 
i^E{K)/p'' = {[K : Qp] + 2)p". The order of H^{K,iipn) ~ H\k,Z/p'') is 

and #[/^ = ([ir : Qp] + l)p". Thus 

(9) Im(5) = t/>/J^,(ir,/ipn). 

For the second factor, the restriction map Res : H^{K,fipn) — )• (K^^ , fipn) 
induces Res^' : Ui/Ut^ U^''^/U^''^, where U^''^ is the image of Uj^^r in 
{K™^)^ /p^. Proposition 12.81 implies that Res-' is bijective if j ^ ie + Cq for 
some i <n and Ker(Res'^') = jV^^^ = gr'^'(]9"). 

Finally, we consider that E has a supersingular good reduction. Let $ 
be a subgroup generated by a generator of and we denote by : 

E ^ F := E/^ the induced isogeny. The first factor of the image of 5 : 
E{K) H^^K.EIp'^]) = K^'/p'^ © fsT^/p" is the image of the Kummer 
map 6(1, : F{K) — > H^{K, E[(f)\) = /p^ and another one is the image of the 
Kummer map 5-^ associated with the dual isogeny 0. Since the elliptic curve E 
has supersingular reduction, F{K)/(j)E{K) is isomorphic to F^{K)/ {(f)E{K)r\ 
F^{K)) ~ F{(j)) ([H], Lem. 3.2.3). As in the previous section, (p factors 
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as = 01 o ■ ■ ■ o 0„ by height 1 isogenies 0,. The invariants tj := D{(f)i) 
satisfy to < ti < ^2 < ■ ■ ■ < < e (Lem. 12.71 see also Thm. I3.5p . 
Theorem 12.111 says that the image of 5 : E{K) — )■ K^/p"' is contained in 
^e+eo (ti+ti/(p i))+i^ More precisely, one can describe the image in terms 
of the graded groups as follows: From Theorem 12.111 the graded quotient 
g^m^ := E''^{K)/E'^+\K) maps onto gr^-c^w+mj^^n^ Ci_i(0) < m < 
Ci{(j)), where Cj(0) := to + + " — ^ ii + iil {v ~ 1) and q := ie + Co. Hence 5 
induces a surjection 

71 

gr(5) : gr E := gr™ E ^ gr^-^>W+-(p"). 

m>0 i=l Ci_i(?i)<m<Ci{</)) 

Similarly, the dual isogeny is described by the dual isogenies (pi of 0, as 
= 0„ o ■ ■ ■ o 01. The invariants tj := Z)(0„_j+i) = e — t„_j+i satisfy 

to ;= < fi < fa < ■ ■ ■ < t„ < e. Thus Ci(0) = fo + ti H h + - 1). 

Summarize the above observations in terms of the graded groups, we have: 

Theorem 3.3. The Rummer map 6 : E{K) H\K,E[p'']) = K'^/p'' © 
K^/p"^ induces gr((5) : gri? — )■ gr(p") © gr(p") on graded groups, where 
gr(p") := 0j>ogr^'(p"). 

(i) If E has split multiplicative reduction, Im(gr(5)) = gr(p") © 1. 

(ii) If E has ordinary reduction, 

n 

Im(gr(5)) = 0gr^(p") © 0gr'=«(p"). 
j>i i=i 

(iii) // E has supersingular reduction, then 

n n 

Im(gr(5)) = gr^.-.W+-(p")©0 gr=.-.W+™(pn). 

i=l Ci_i(0)<7?i<Ci(0) i=l ci.^(!j})<m<Ci{^) 

Now we complete the proof of the main theorem. 

Theorem 3.4. Let E and E' he elliptic curves over K with (semi-)stable 
reduction and E[p"'] and E'lp"^] are K -rational. The structure of the image 
of T{X)/p"' for X = E X E' by the cycle map p is 

(i) Z/p" if both E and E' have ordinary or split multiplicative reduction. 

(ii) Z/p" © Z/p" if E and E' have different reduction types. 
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Proof. We denote the subsets of N := Z>o which indicate the indexes of the 
graded quotients of Im(gr(5)) by M := {m > 0}, O := {m > 1}, Our := 

{m = Cj I < z < n}, 

S := I \{ci — — ^— < m < Cj}, and 

p — I 

C Mr I P^n-i+l — tn-i+2 ^ , T 

S :=[ l{Ci_i H < m < q}, 

v_y n — 1 

i=i ^ 

where := e by convention. Define 

c/j : E{K) (g) E\K) ^H' {K'' /p"" ® ^Vp")®^ ^ i^Vp" ® i^Vp", 

where pr^ is the j-th projection. We calculate the order of the image of the 
composition ( , )nodj : E{K) E'{K) — )■ /ipn for each j in the following five 
cases: 

(a) Both of E and E' have split multiplicative reduction. 

(b) Both of E and E' have ordinary reduction. 

(c) E has ordinary reduction and E' has split multiplicative reduction. 

(d) E has supersingular reduction and E' has split multiplicative reduction. 

(e) E has supersingular reduction and E' has ordinary reduction. 

First we consider the easiest case (a): Both of E and E' have split multiplica- 
tive reduction. From (|8]), the images of dj are /p"' ® /p"-, /p^ ® 1, 
1®K^ /p^ and By Lemma [3?T| the image of the cycle map is isomorphic 
to Z/p". 

Case (b): Both of E and E' have ordinary reduction. From (|9]), replace 
the index j if necessity, the image of dj is \m{di) = f/^ ® Im((i2) = 
Ul ® Hl{K,fipn), Imids) = Hl^{K,fXpn) ® and lm{di) = Hl^{K,fXpn) ® 
HIj.{K, fipn). The image of Im((ii) by the Hilbert symbol is fipn (Lem. 13. ip . 
We count the order of the image of d2 in the graded groups. A subset Ri of 
N X N is define by 

(10) Ri := {{s,ie + eo-s) | < s < ie + eo, p f s}U{(0, ze + eo), (ze + eo,0)}. 

By ©, the order of lm{d2) is p", where a = #{z | (O x Our) r\ R^ ^ 0}. 
However, (O x O^,) n Ri = ij) for all i. Thus #Im(d2) = #1111(4) = 0. 
Because Our C O, we also obtain #Im((i4) = 0. 
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Case (c): Assume that E has ordinary reduction and E' has spht mul- 
tiphcative reduction. Enough to consider the image of ® /p"^ and 
HIj.{K, fipTi) (g) /p^ by the Hilbert symbol. For the later, the required or- 
der is p", a = #{z I (Our X M) n Ri ^ 0}. Since Our x O c Our x M, 
a = n from (b). By Our x M C O x M, we obtain the order of the image of 
(g) K'^ /p^ is also p"-. 

Case (d): E has supersingular reduction and E' has split multiplicative re- 
duction. Since OxM C SxM and Our x M C 5* x M, the image is isomorphic 

to Z/p"©Z/p" by (c). 

Case (e): E has supersingular reduction and E' has ordinary reduction. For 
each i, {ie + Cq - 1, 1) G (5* x O) n Ri and {ie + Cq - 1, 1) G (5 x O) fl Ri. On 
the other hand S x Our, S x Our C O x Our- Thus the image is isomorphic 
to Z/p" © Z/p". □ 

When both of E and E' have supersingular reduction also, the computa- 
tion of the image p{T{X)/p'^) is done by the similar argument as in the proof 
of the above theorem. The results depend on the invariants ti < t2 < ■ ■ ■ < tn 
associated with the formal group E and t[ < t2 < ■ ■ ■ < t'^ associated with 
E' defined in the previous section. These invariants are calculated from the 
theory of the canonical subgroup due to Katz-Lubin. The canonical subgroup 
H{E) of an elliptic curve E (when it exists) is a distinguished subgroup of 
order p in E\p\ which play the crucial role in the theory of overconvergent 
modular forms. 

Theorem 3.5 ([8J, Thm. 3.10.7; |3], Thm. 3.3). Let E be an elliptic curve 
over K with supersingular reduction. Let a{E) be the p-th coefficient of mul- 
tiplication p formula [p]{T) of the formal group E. 

(i) If VK{ci{E)) < pe/{p+l), then the canonical subgroup H {E) C E[p\ exists. 
For any non-zero x G E\p\, 



vk{x) 



VK{a(E)) otherwise. 



For a subgroup H ^ H{E) of E\p], vk{cl{E/ H)) = VK{a{E))/p and the 
canonical subgroup H{E/H) of the quotient E/H is the canonical image of 
E\p\ in E/H. Moreover, 
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(a) If VK{a{E)) < e/{p+l), then VK{a{E / H (E))) = pvk{cl{E)). The canon- 
ical image of E[p] in E/H{E) is not the canonical subgroup of E/H{E). 

(b) IfvKiaiE)) = e/ip+1), then v^E / H{E))) > pe/ip + 1). 

(c) Ife/{p+l) < VK{a{E)) < pe/(p+l), thenvKia{Ej^H{E))) = e-VK{a{E)) 
and the canonical subgroup of E/H{E) is H{E/H{E)) = E[p]/H. 

(ii) If VK{a{E)) > pe/{p + 1), then vxix) = e/{p^ — 1) for any non-zero 
X G E[p]. For any subgroup H of E[p], vk{(i{E/H)) = e/{p+ 1) and the 
canonical subgroup of the quotient E/H is the image of E[p] in E/H . 

For n = 1, let Xq be a generator of E\p] such that vk{xo) = max{vK{x) \ 7^ 
X G -Eip]}. Let $ be the subgroup of E[p] generated by xq. The induced 
isogeny : E -)■ E/^ has height 1. If VK{a{E)) < pe/{p + 1), $ = ^[0] is 
the canonical subgroup. Thus from Corollary 12 . 3 1 and Theorem I3.5[ we have 
ti/ip - 1) = vk{xo) = 60- vkHE))/{p - 1). If vME)) > pe/{p + 1), 
^1/ (P ~ 1) = 'Vxixo) = Cq/ (p + 1). Thus we obtain 

Proposition 3.6. The structure of the image ofT{X)/p for X = E x E' by 

the cycle map p is isomorphic to 

(i) Z/p © Z/p ifa{E) ^ a{E') and a{E) + a{E') ^ cq, 

(ii) Z/p ifa{E) = a{E') ^ eo/2, or a{E) ^ a{E') and a{E) + a{E') = cq, 

(iii) ifa{E) = a{E') = eo/2. 

We conclude this note to give an example: Put p = 5 and suppose that 
E is an elliptic curve defined by = + ax + 6 over K with fx(fl) > 5e/6 
and Vxib) = (c/. [18], Sect. 1.11). Let us consider the self-product of the 
elliptic curve X = E x E. Let $ be the subgroup generated by a generator of 
E\p'^]. The induced isogeny cj) : E F = E/^ factors as = 0i o 02, where 
(pi : Fi ^ Fi-i, Fi = E/pF[(f)] and Fq = F2 = E. By Theorem 13. 5[ we have 
t2/{p- 1) = vk{pxo) = eo/{p+ 1), VKia{Fi)) = e/{p+ 1) and ti/{p- 1) = 
fft:(02(3^o)) = eo/p(p + 1). Thus we have 5* = (29eo/6,5eo] U (41eo/5, 9eo], 
S = (5eo/6, 5eo] U (5eo, 9eo], where (s, t] is the subset of N consists of n G N 
with s < n<t and p]n. It is easy to see Ri f] {S x S) = Ri (1 {S x S) = ^ 
and Ri n {S X S) 7^ 0. Here, the set Ri is defined in f lTOj) . If we assume 
Co > 6, then R2 n {S x S) = 0. However, R2 n {S x 5), i?2 n (S x S) are 
non-empty. We obtain p(T{X)/p^) ~ Z/p"^ © Z/p © Z/p. 
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A Filtration on the Milnor iT-groups 



In higher dimensional local class field theory of Kato and Parshin, the Ga- 
lois group of an abelian extension field on a g-dimensional local field K is 
described by the Milnor i^-group Kq\K) for q > \. The information on 
the ramification is related to the natural filtration U"^Kq which is by defi- 
nition the subgroup generated by {1 + m^, , . . . , K^}, where trii^ is the 
maximal ideal of the ring of integers Ok- So it is important to know the 
structure of the graded quotients gr"* Kg := U^Kq/U'^^^Kq. In this ap- 
pendix, we shall show that the results on the graded quotients in Section [2] 
associated with filtration on the multiplicative group (modulo p") work also 
on the Milnor i^'-groups. For a mixed characteristic Henselian discrete valu- 
ation field (abbreviated as hdvf in the following) which contains a ^"'-th root 
of unity Cp" , we determine the graded quotients gr'" kq^n of the filtration of 
kq^n '■= {K)/p"'K^^ (K) instead of gr"^ Kg in terms of differential forms of 
the residue field. J. Nakamura described gr*" fc^ „ after determining gr'" Kq 
for all m when K is absolutely tamely ramified i.e., the case of {e,p) = 1 
([T3], Cor. 1.2). Although it is easy in the case of g = 1 (as in ([1]) in Sect. 
[2]), the structure of gr"^ Kq is still unknown in general. In particular, when 
K has mixed characteristic and (absolutely) wildly ramification, it is known 
only some special cases ([ID], see also [HI). However, as in Section [21 to 
study gr™" fc^ „ we use the structure of gr"* Kq only for lower m under the 
assumption (pn g K (In [TOj, Kurihara treated a wildly ramified field with 

Let be a hdvf of characteristic 0, and k its residue field of characteristic 
p > 0. Let e = vk{p) be the absolute ramification index of K and Cq : = 
e/{p — 1). For m > 1, let U"^Kq be the subgroup of K^{K) defined as 
above. Put W^Kq = K^{K) and gr"" Kg := W^Kq/W^+^Kq. Let ^1 := ^l^^ 
be the module of absolute Kahler differentials and Ql the q-th exterior power 
of Ql over the residue field k. Define subgroups and Zf for i > of fll 
such that = C Bl C ■■■ C Zf C = ni by the relations Bf : = 
lm{d : ^J^l)^ Zf := Ker(rf : ^1 ^ fif ^), C'^ : Bf' ^ B^J B^ 

and C"^ : Zf Zf^^/Bf, where C^^ : Ql Zf/Bf is the inverse Cartier 
operator defined by 

(11) X A ■ ■ ■ A — - A ■ ■ • A — -. 

yi Vq yi Vq 

First we recall the study on gr"* Kq for m < e + Cq due to Bloch and 
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Kato which is an essential tool for our study. We fix a prime element vr of K. 
For any m, we have a surjective homomorphism pm '■ © ~^ S^™ 
defined by 

yg-2,vr}, 

where x and are liftings of x and i/i. Note that the map pm depends on 
a choice of vr. Using this homomorphism, one can obtain the structure of 
the graded quotients gr"^ Kg for any m < e + Cq ([2], see also [H]). Next 
we define the filtration W^kg^n on kg^n = {K) /p^K^ {K), by the image 
of the filtration Lf^Kg on kg^n- Our objective is to study the structure of its 
graded quotient gr™ kg^n '■= U'^kg^n/U'^^^kg^n- From the following lemma, we 
can investigate gr"^ kg^n for m > e + cq by its structure for m < e + cq. 

Lemma A.l. For n > 1 and m > e + cq, the multiplication by p induces 
a surjective homomorphism p : U^~'^kq^ri-i U^kg^n- If further assume 
Cpn G K, then the map p is bijective. 

Proof. The surjectivity follows from the surjectivity of p : f/]^~^ — (Lem. 
I2.2p . To show the injectivity, for x G U"^~^Kg we assume that px = p^x' is 
in p'^KfiK) n W^Kg for some x' G Kf{K). Thus x-p'^'^x' is in the kernel 
of the multiplication by p on K^[K). It is known its kernel = {C,p}K^_^{K). 
This fact was so called Tate's conjecture. It is a corollary of the Milnor- 
Bloch-Kato conjecture (due to Suslin, cf. [7], Sect. 2.4), now is a theorem of 
Voevodsky, Rost, and Weibel ([21j). Hence, for any i and y G Kg!_^{K), we 
have {C;, y} = P^^HCp-, !/}• Thus we have x G p^'-^K^^K). □ 

We determine gr*" kg^n for any m and n as follows. 

Theorem A. 2. We assume (pn E K. Let m and n be positive integers and 
s the integer such that m = p^m' , {m',p) = 1. Put Ci := ie + co fori > 1 and 
Co := 0. 

(i) If Ci < m < Cj+i for some < i < n, we have 

^ JCoker(^ : fif' ^ ^V/Br' © ^I'/Br'), ^fn-^>s, 



dyi , , dy g_i 



X— A ■ ■ ■ A 

Vl Vq-l 



dyi 

0,x— A---A 

yi 



,0) ^{l + 7r'"^,yi,... 



yq-2 



^ {l + 7r™X,?/i,... 
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where C is the Cartier operator defined by 




dyq-i 

Vq-l 




dyq-i 

Vq-l 



(iii) If m > Cn, then U"^kg^n = 0. 

Note that the assertion of the case m < e + cq in the above theorem is 
due to Bloch-Kato ([2], Rem. 4.8). 

Proof of Thm. \A.B . As noted above, the assertion for m < e + cq = ci is 
known. It is known also U^kq^i = for m > e + cq ([2], Lem. 5.1 (i)). So we 
assume m > e + Cq and n > 1. Thus, for such m, we have an isomorphism 
gj^m-e f^^^^_^ Jj. k^ ,^ from the above lemma. By induction on n, we obtain 
the assertions. □ 

Corollary A. 3. // k is separably closed {we do not need the assumption 
Cp- e K), then gx^^+^o kg^n = fori>l. 

Proof. The assertion follows from the fact gr*^"*"^" kq^i = ([2], Lem. 5.1 (ii)). 
Lemma IA.lt ^ind the induction on n. □ 
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